Surjective endomorphisms of projective surfaces -- the existence of
  infinitely many dense orbits by Jia, Jia et al.
ar
X
iv
:2
00
5.
03
62
8v
1 
 [m
ath
.A
G]
  7
 M
ay
 20
20
SURJECTIVE ENDOMORPHISMS OF PROJECTIVE SURFACES -
THE EXISTENCE OF INFINITELY MANY DENSE ORBITS
JIA JIA, JUNYI XIE, AND DE-QI ZHANG
Abstract. Let f : X → X be a surjective endomorphism of a normal projective sur-
face. When deg f ≥ 2, applying an (iteration of) f -equivariant minimal model program
(EMMP), we determine the geometric structure of X . Using this, we extend the second
author’s result to singular surfaces to the extent that either X has an f -invariant non-
constant rational function, or f has infinitely many Zariski-dense forward orbits; this
result is also extended to Adelic topology (which is finer than Zariski topology).
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1. Introduction
We work over an algebraically closed field k of characteristic zero. We first give a
structure theorem for non-isomorphic surjective endomorphisms.
Theorem 1.1. Let f : X → X be a non-isomorphic surjective endomorphism of a normal
projective surface. Then X has only log canonical (lc) singularities. If the canonical
divisor KX is pseudo-effective, then Case 1.1(1) occurs. If KX is not pseudo-effective,
replacing f by an iteration, we may run an f -equivariant minimal model program (EMMP)
X = X1 −→ · · · −→ Xj −→ · · · −→ Xr −→ Y,
contracting KXj -negative extremal rays, with Xj → Xj+1 (j < r) being divisorial and
Xr → Y being Fano contraction, such that one of the following Cases occurs.
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(1) f is quasi-e´tale, i.e., e´tale in codimension 1; there exists an f -equivariant quasi-
e´tale finite Galois cover ν : V → X as in Theorem 2.13.
(2) Y is a smooth projective curve of genus g(Y ) ≥ 1; f descends to an automorphism
of finite order on the curve Y .
(3) Y is an elliptic curve; X → Y is a P1-bundle.
(4) Y ∼= P1; there is an f |Xr-equivariant finite surjective morphism Xr → Y × P
1.
(5) Y ∼= P1; f is polarized, KX + S ∼Q 0 for an f
−1-stable reduced divisor S; there is
an f -equivariant quasi-e´tale finite Galois cover ν : V → X as in Theorem 2.14(2).
(6) Y ∼= P1; f is polarized; there exists an equivariant commutative diagram:
f˜

X˜
π˜

µX
// X 	 f
π

gE

E // Y 	 g
here E is an elliptic curve, X˜ is the normalization of X×Y E; π˜ is a P
1-bundle, π
is a P1-fibration, f˜ and gE are finite surjective endomorphisms, µX is quasi-e´tale.
(7) Y ∼= P1; Xr is of Fano type; there is an f |Xr-equivariant birational morphism
Xr → X to a klt Fano surface with Picard number ρ(X) = 1; every Xj (1 ≤ j ≤ r)
is a rational surface whose singularities are klt (hence Q-factorial).
(8) Y = pt; Xr is a projective cone over an elliptic curve; the normalization Γ of the
graph of X 99K E is a P1-bundle, and f lifts to f |Γ such that (f |Γ)
∗|N1(Γ) = δf id.
(9) Y = pt and hence ρ(Xr) = 1; −KXr is ample; every Xj (1 ≤ j ≤ r) is a rational
surface whose singularities are lc and rational (hence Q-factorial).
The main ingredients of the proof for Theorem 1.1 are an Equivariant Minimal Model
Program (EMMP), [Nak08, Theorems 1.1 and 7.1.1] (= Theorems 2.13 and 2.14), and
some analysis of Fano fibration in [MZ19, Theorem 5.4]. Theorem 1.1 implies:
Corollary 1.2. Let f : X → X be a non-isomorphic surjective endomorphism of a normal
projective surface. Then, replacing f by an iteration, one of the following holds.
(1) X has an f -invariant non-constant rational function.
(2) f lifts to an endomorphism on X ′ via a generically finite surjective morphism,
where X ′ is an abelian surface or a P1-bundle over an elliptic curve.
(3) f descends to an endomorphism on P1×P1 (commuting with both projections) via
a generically finite surjective morphism.
(4) f descends to an endomorphism on a normal projective surface X via a birational
morphism such that
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(a) The Picard number ρ(X) = 1, so f |X and hence f are polarized;
(b) The anti-canonical divisor −KX is an ample Q-Cartier divisor; and
(c) X is a rational surface whose singularities are log canonical (lc) and rational.
Below is the motivation of our paper where Conjecture 1.3(2) implies that there are
infinitely many dense orbits which is stronger than the long standing Conjecture 1.3(1).
In fact, Conjecture 1.3(1) and (2) are equivalent modulo the Dynamical Mordell-Lang
Conjecture as shown in [Xie19, Proposition 2.6] and also reminded by Professor Ghioca.
Conjecture 1.3. Let X be an (irreducible) projective variety over k and f : X 99K X a
dominant rational self-map such that k(X)f = k. Then:
(1) There is a point x ∈ X(k) such that the (forward) orbit Of(x) := {f
s(x) : s ≥ 0}
is well-defined and Zariski-dense in X.
(2) For every Zariski-dense open subset U of X, there exists a point x ∈ X(k) whose
orbit Of (x) under f is well-defined, contained in U and Zariski-dense in X.
To wit, a rational function ψ ∈ k(X) is f -invariant if f ∗(ψ) := ψ ◦ f = ψ. Denote by
k(X)f the field of f -invariant rational functions of X . We have
k ⊆ k(X)f ⊆ k(X).
Given a point x ∈ X(k), we say that its orbit under f is well-defined if for every n ≥ 0,
f is well-defined at fn(x).
We will extend the classical Conjecture 1.3 (Zariski-topology version) to a stronger
Conjecture 1.5 (Adelic-topology version). We begin with:
1.4. [Adelic topology] Assume that the transcendence degree of k over Q is finite. In
[Xie19, §3], the second author has proposed the adelic topology on X(k). The adelic
topology has the following basic properties (cf. [Xie19, Proposition 3.8]).
(1) It is stronger than the Zariski topology.
(2) It is T1, i.e., for every distinct points x, y ∈ X(k) there are adelic open subsets
U, V of X(k) such that x ∈ U, y /∈ U and y ∈ V, x /∈ V .
(3) Morphisms between algebraic varieties over k are continuous for the adelic topol-
ogy.
(4) E´tale morphisms are open with respect to the adelic topology.
(5) The irreducible components of X(k) in the Zariski topology are the irreducible
components of X(k) in the adelic topology.
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(6) Let K be any subfield of k which is finitely generated over Q and such that X is
defined over K and K = k. Then the action
Gal(k/K)×X(k)→ X(k)
is continuous with respect to the adelic topology.
When X is irreducible, (5) implies that the intersection of finitely many nonempty adelic
open subsets of X(k) is nonempty. So, if dimX ≥ 1, the adelic topology is not Hausdorff.
In general, the adelic topology is strictly stronger than the Zariski topology.
The adelic version of the Zariski-dense orbit conjecture was proposed in [Xie19].
Conjecture 1.5. Assume that the transcendence degree of k over Q is finite. Let X be
an irreducible variety over k and f : X 99K X a dominant rational map. If k(X)f = k,
then there exists a nonempty adelic open subset A ⊆ X(k) such that the orbit of every
point x ∈ A is well-defined and Zariski-dense in X.
Definition 1.6. Let X be an (irreducible) projective variety over k and f : X 99K X a
dominant rational map. We say that a pair (X, f) satisfies
(1) ZD-property, if Conjecture 1.3(1) holds true, i.e., either k(X)f 6= k or there is a
point x ∈ X(k) whose orbit Of(x) under f is well-defined and Zariski-dense in X ;
(2) strong ZD-property, if Conjecture 1.3(2) holds true, i.e., either k(X)f 6= k or for
every Zariski-dense open subset U of X , there exists a point x ∈ X(k) whose orbit
Of (x) under f is well-defined, contained in U and Zariski-dense in X ;
(3) AZD-property, if Conjecture 1.5 holds true, i.e., either k(X)f 6= k or there exists a
nonempty adelic open subset A of X(k) such that for every point x ∈ A, its orbit
Of (x) under f is well-defined and Zariski-dense in X ;
(4) SAZD-property, if there is a nonempty adelic open subset A of X(k) such that for
every point x ∈ A, its orbit Of (x) under f is well-defined and Zariski-dense in X .
Remark 1.7. Conjecture 1.5 implies Conjecture 1.3. Precisely, we have:
(1) SAZD-property implies AZD-property.
(2) Conjecture 1.5 (Adelic-topology version) is stronger than the classical Conjec-
ture 1.3 (Zariski-topology version). Indeed, even the hypothesis on k in Conjecture
1.5 does not cause any problem. To be precise, for every pair (X, f) over k, there
exists an algebraically closed subfield K of k whose transcendence degree over Q
is finite and such that (X, f) is defined over K, i.e., there exists a pair (XK , fK)
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such that (X, f) is its base change by k. By [Xie19, Corollary 3.23], if (XK , fK)
satisfies AZD-property, then (X, f) satisfies strong ZD-property.
We will prove Conjecture 1.5 (and hence Conjecture 1.3) for surjective endomorphisms
of (possibly singular) projective surfaces, extending the smooth case in [Xie19].
Theorem 1.8. Let f : X → X be a surjective endomorphism of a projective surface X
defined over the algebraically closed field k. Assume that k has finite transcendence degree
over Q. Then Conjecture 1.5 holds for (X, f). Precisely, either k(X)f 6= k; or there is a
nonempty adelic open subset A ⊆ X(k) such that the forward orbit Of(x) of every point
x ∈ A is Zariski-dense in X.
Theorem 1.8 implies the following (cf. Remark 1.7).
Theorem 1.9. Let f : X → X be a surjective endomorphism of a projective surface
X defined over the algebraically closed field k. Then Conjecture 1.3 holds for (X, f).
Precisely, either k(X)f 6= k; or for every Zariski-dense open subset U of X, there is a
point x ∈ X(k) whose forward orbit Of (x) under f is contained in U and Zariski-dense
in X, and hence f has infinitely many Zariski-dense orbits.
Remark 1.10. Below are some histories of Conjecture 1.3(1) (Zariski-topology version).
It was proved by Amerik and Campana [AC08, Theorem 4.1] when the field k is uncount-
able. If k is countable, it has been open even for the case of singular surfaces (with f a
well-defined morphism). Below are some of the confirmed cases.
(1) In [Ame11, Corollary 9], in arbitrary dimension, Amerik proved the existence of
non-preperiodic algebraic point when f is of infinite order.
(2) Conjecture 1.5 (and hence Conjecture 1.3) is proved for f = (f1, · · · , fn) : (P
1)n →
(P1)n, where the fi’s are endomorphisms of P
1, in [Xie19, Appendix B with Thomas
Tucker]; see also [BGT16, Theorem 14.3.4.2], when fi’s are not post-critically finite;
and Medvedev and Scanlon [MS14, Theorem 7.16] for endomorphism f : An → An
with f(x1, · · · , xn) = (f1(x1), · · · , fn(xn)), fi(xi) ∈ k[xi].
(3) In [Xie17, Theorem 1.1], the second author has proved Conjecture 1.3(1) for dom-
inant polynomial endomorphism f : A2 → A2.
(4) If X is a (semi-) abelian variety and f is a dominant self-map, Conjecture 1.3(1)
has been proved in [GS17, Theorem 1.2] and [GS19, Theorem 1.1]; in this abelian
variety case, Conjecture 1.5 is proved in [Xie19, Theorem 1.14].
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(5) When X is an algebraic surface and f is a birational self-map, Conjecture 1.5 (and
hence Conjecture 1.3) has been proved in [Xie19, Corollary 3.27]; see also [BGT14,
Theorem 1.3] when X is quasi-projective over Q and f is an automorphism.
(6) Conjecture 1.5 (and hence Conjecture 1.3) has been proved when X is a smooth
projective surface and f is a surjective endomorphism in [Xie19, Theorem 1.15].
Acknowledgements. The first and third authors are respectively supported by a Pres-
ident’s Graduate Scholarship, and an ARF, from NUS. The second author is partially
supported by the project “Fatou” ANR-17-CE40-0002-01.
2. Preliminaries
In this section, we collect together some definitions and preliminary results.
Notation and Terminology. We refer to [KM98] for the definitions of minimal model
programs and singularities, including Kawamata log terminal (klt), log canonical (lc) and
rational singularities.
We use the following notation throughout the paper, with X a projective variety.
PicX the group of Cartier divisors of X modulo linear equivalence ∼
Pic0X the group of Cartier divisors of X algebraically equivalent to 0
NS(X) PicX/Pic0X , the Ne´ron-Severi group
N1(X) NS(X) ⊗Z R, the space of R-Cartier divisors modulo numerical
equivalence ≡
N1(X) the space of 1-cycles with coefficients in R, modulo numerical equiv-
alence ≡
Nef(X) the cone of nef classes in N1(X)
NE(X) the cone of pseudo-effective classes in N1(X)
κ(X,D) the Iitaka D-dimension of a Q-Cartier divisor D (cf. [Iit82, §10.1])
ρ(X) Picard number of X , which is dimRN
1(X)
q(X) the irregularity of X , which is h1(X,OX) := dimH
1(X,OX)
SuppD the support of an effective Weil divisor D =
∑
aiDi on X , which
is ∪iDi, where ai > 0 and Di’s are prime divisors
Let f : X → X be a surjective endomorphism of a normal projective variety. Then f
is finite and f∗f
∗ = f ∗f∗ = (deg f) id on PicQX (cf. [MZ19, Proposition 3.7]).
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Let π : X1 → X2 be a finite surjective morphism between normal varieties. Denote by
Rπ the ramification divisor of π, which by definition is an effective Weil divisor. Then we
have the ramification divisor formula
KX1 = π
∗KX2 +Rπ. (2.1)
We say that π is quasi-e´tale if it is e´tale in codimension 1, i.e., if Rπ = 0.
More generally, suppose π−1(D2) = D1 for reduced effective Weil divisors Dj ⊂ Xj .
Note that we can pull back Weil divisors by a finite morphism. Then we have the loga-
rithmic ramification divisor formula
KX1 +D1 = π
∗(KX2 +D2) +R
′
π, (2.2)
where the log ramification divisor R′π is an effective Weil divisor having no common irre-
ducible component with D1 (cf. [Iit82, §11.4]). If π
∗D2 = qD1, then Rπ = (q− 1)D1+R
′
π.
Definition 2.1. Let X be a normal projective variety. Then X is of Fano type if there is
an effective Weil Q-divisor ∆ such that (X,∆) is klt and −(KX +∆) is ample.
Definition 2.2. Let f : X → X be a surjective endomorphism of a projective variety.
(1) The first dynamical degree δf is the spectral radius of the endomorphism f
∗|N1(X) :
N1(X) → N1(X), i.e., the maximum of moduli of eigenvalues of f ∗|N1(X). It is
known that deg f ≤ δdimXf (so deg f > 1 implies δf > 1). For the surfaces case see
e.g. [Nak08, Proposition 4.1.3].
(2) The map f is δ-polarized if f ∗H ∼ δH for some integer δ > 1 and ample Cartier
divisor H , or equivalently f ∗B ≡ δB for some rational number δ > 1 and big
R-Cartier divisor B, or equivalently f ∗B ≡ δB for some δ > 1 and big Q-Cartier
divisor B (indeed such δ is in Q) (cf. [MZ18, Proposition 3.6]).
For the following, see e.g. [MZ19, Lemma 2.4], [MZ18, Lemma 3.1, Corollary 3.12] and
[Zha10, Lemma 2.2].
Lemma 2.3. Let fi : Xi → Xi (i = 1, 2) be surjective endomorphisms of projective vari-
eties, and π : X1 99K X2 a generically finite dominant rational map such that π◦f1 = f2◦π.
Then:
(1) δf1 = δf2.
(2) Suppose that f ∗1B ≡ δB for some nef and big R-Cartier divisor B and δ > 0.
Then deg f1 = δ
dimX1. In particular, if f1 is δ-polarized then deg f1 = δ
dimX1.
(3) f1 is δ-polarized if and only if so is f2.
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(4) If f1 is δ-polarized, then every eigenvalue of f
∗
1 |N1(X) has modulus δ (> 1), so
δf = δ.
Definition 2.4. Let f : X → X be a surjective endomorphism of a projective variety.
(1) f is amplified if f ∗L− L = H for some Cartier divisor L and ample divisor H .
(2) f is int-amplified if f ∗L − L = H for some ample Cartier divisors L and H ,
or equivalently, if all the eigenvalues of f ∗|N1(X) are of modulus greater than 1
(cf. [Men20, Theorem 1.1]).
Remark 2.5. Let f : X → X be a surjective endomorphism of a projective variety.
(1) If f is polarized then f is int-amplified.
(2) If f is int-amplified and dimX ≥ 2, then deg f > δf (cf. [Men20, Lemma 3.6]).
The following results are frequently used.
Lemma 2.6. (cf. [Wah90, Theorems 2.8, 2.9], [Nak08, Theorem 4.3.1], [BdFF12, Theo-
rem B]) Let f : X → X be a non-isomorphic surjective endomorphism of a normal variety
of dimension two. Then we have:
(1) X has at worst lc singularities. In particular, KX is Q-Cartier.
(2) If x0 ∈ X is a closed point such that f
−1(x0) = x0 and x0 ∈ Rf , then X has only
klt singularity at x0.
Lemma 2.7. Let f be a surjective endomorphism of a normal projective surface X. As-
sume that there exists an f -equivariant fibration π : X → Y to a nonsingular projective
curve such that f descends to g on Y with deg g > 1 (this holds when f is polarized by
Lemma 2.3). Then X has only klt singularities and hence is Q-factorial.
Proof. By Lemma 2.6, X has at worst lc singularities. Assume X is not klt (but is lc) at
x0. Then f
−1(x0) = x0 after iterating f (cf. [BH14, Lemma 2.10]). Also x0 /∈ SuppRf by
Lemma 2.6. Now π ◦ f = g ◦ π implies g−1(π(x0)) = π(x0). Denote by F0 := π
∗(π(x0))
the fibre of π passing through x0. It follows that f
−1(SuppF0) = SuppF0 and thus
f ∗F0 = (deg g)F0. But this yields x0 ∈ SuppF0 ⊆ SuppRf , a contradiction. 
The general result below is a direct consequence of the cone theorem.
Proposition 2.8. Let π : X → Y be a morphism from a normal projective surface to a
smooth projective curve with general fibres smooth rational curves. Then we have:
(1) X has only rational singularities (and hence is Q-factorial). If X has no negative
curve, then Nef(X) = NE(X).
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(2) Suppose that π : X → Y is a Fano contraction. Then all the fibres are irreducible.
Proof. The first part of (1) is from [Nak08, Lemma 2.4.10]. By [Zha16, Lemma 2.3], we
have a natural embedding N1(X) ⊆ N1(X). Since X is Q-factorial, we may identify N
1(X)
and N1(X). The second part follows from the same proof as [Kol96, II, Lemma 4.12].
For (2), suppose that F1, F2 are two distinct irreducible components of a fibre F . The
KX-negative extremal ray R contracted by π is R≥0[F ]. Then Fi · F = 0 implies Fi ·
R = 0 and hence Fi = π
∗Li for some Q-Cartier divisors Li on Y by the cone theorem
[Fuj11, Theorem 1.1(4) iii]. Since in our case Supp(Li) = π(Fi) = π(F ), it follows that
SuppF1 = π
−1(π(F )) = SuppF2 as sets, a contradiction. 
Next, we deal with surface fibrations to curves of higher genus.
Proposition 2.9. Let f : X → X be a surjective morphism of a normal projective surface.
Suppose π : X → E is an f -equivariant fibration, with connected fibres, to an elliptic curve.
Let g = f |E and Σ1 (resp. Σ2) be the set of points e ∈ E such that the scheme-theoretic
fibre π∗(e) is reducible (resp. nonreduced). Then g−1(Σi) = Σi for i = 1, 2.
Proof. The result is clear when f is an automorphism. Suppose deg f ≥ 2. Since general
fibres of π are smooth, the Σi’s are finite sets. It suffices to show g
−1(Σi) ⊆ Σi for i = 1, 2.
A fibre is reducible if and only if all its irreducible components are negative curves. (After
an iteration) f−1 preserves negative curves (cf. [Nak02, Lemma 9], or [MZ19, Lemma 4.3]),
so f−1 takes a negative curve to another one. Thus f−1 takes reducible fibres to reducible
fibres, and g−1(Σ1) ⊆ Σ1. Since E is elliptic and hence g : E → E is e´tale, the reducedness
of π∗(e) implies that of π∗(g(e)), so g−1(Σ2) ⊆ Σ2 (cf. [CMZ19, Lemma 7.3]). 
Proposition 2.10. Suppose that f : X → X is a non-isomorphic surjective endomor-
phism of a normal projective surface. Let π : X → Y be a P1-fibration to a nonsingular
projective curve with genus g(Y ) ≥ 1 such that f descends to an endomorphism g on Y .
Then either g is an automorphism of finite order; or g(Y ) = 1 and π is a P1-bundle.
Proof. If g(Y ) ≥ 2, then Y is of general type, and g is an automorphism of finite order.
Suppose g(Y ) = 1. Since X has only lc singularities (cf. Lemma 2.6) and deg f ≥ 2,
we may run a relative EMMP over Y (cf. [MZ19, Theorem 4.7])
X = X1 → X2 → · · · → Xr → Y
′,
where Xj → Xj+1 are divisorial contractions for j < r and Xr → Y
′ is a Fano contraction.
Since both X → Y and Xr → Y
′ have connected fibres, we have Y ′ = Y . Assume r ≥ 2
and let E be the exceptional divisor of X1 → X2. Then f
−1 fixes E as a set and thus g−1
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fixes P , where P := π(E) is a point in Y (cf. [CMZ19, Lemma 7.3]). Since g is e´tale, it
must be an automorphism. Then g is of finite order since it has at least one fixed point
(cf. [Har77, IV, Corollary 4.7]).
Assume that g is not an automorphism of finite order. Then r = 1, i.e., π is a Fano
contraction. Keep the notation in Proposition 2.9. Proposition 2.8 implies Σ1 = ∅. By
Proposition 2.9, one has g−1(Σ2) = Σ2 and hence deg g ≥ 2 implies Σ2 = ∅. So every
fibre of π is irreducible and reduced. Then π is a smooth morphism (cf. [Nak08, Lemma
2.4.10]), and hence a P1-bundle. 
For Lemma 2.11 below, Alb(X) as defined in [CMZ19, Section 5], is characterised by
the rational map albX : X 99K Alb(X) as the one such that every rational map from X
to an abelian variety factors through it.
Lemma 2.11. Let Xr be a projective cone over an elliptic curve E. Let X → Xr be a
birational morphism with X a normal projective surface. Suppose f : X → X is a non-
isomorphic surjective endomorphism and it descends to an endomorphism fr : Xr → Xr.
Let Γ be the normalization of the graph of albX : X 99K E = Alb(X). Then Γ → E is
a P1-bundle, (f |Γ)
∗ = δf id and Γ → Xr is the contraction of a cross-section. Further,
either X = Xr, or Γ = X.
Proof. Note that f descends to E and lifts to Γ. Since ρ(Xr) = 1, fr, and hence f , f |Γ
and f |E are all polarized (cf. Lemma 2.3). In particular, f |E is non-isomorphic. Applying
Proposition 2.10, Γ → E is a P1-bundle. Notice that ρ(Γ) = 2 and Γ → Xr is f -
equivariant. Let C be the exceptional divisor for Γ → Xr, which is a cross-section of
Γ → E. Then (f |Γ)
∗C = δfC (cf. Lemma 2.3). Since the pullback of N
1(Xr) is (f |Γ)
∗-
invariant, we conclude that (f |Γ)
∗ is diagonalisable and thus (f |Γ)
∗|N1(Γ) = δf id. Since
2 = ρ(Γ) ≥ ρ(X) ≥ ρ(Xr) = 1, Zariski main theorem and normality of Γ, X and Xr
imply the last assertion. 
Lemma 2.12 below is known to Iitaka, Sommese, Fujimoto, Nakayama, · · · .
Lemma 2.12. Let f be a non-isomorphic surjective endomorphism of a normal projective
variety X of dimension n. If KX is Q-Cartier and pseudo-effective, then Rf = 0.
Proof. Assume Rf 6= 0. The ramification divisor formula (2.1) for f
s is given by KX =
(f s)∗KX +
∑s−1
i=0 (f
i)∗Rf . Pick an ample Cartier divisor H on X . Since Rf is an integral
Weil divisor and KX is pseudo-effective, we get a contradiction by letting s→ +∞:
KX ·H
n−1 = (f s)∗KX ·H
n−1 +
s−1∑
i=0
(f i)∗Rf ·H
n−1 ≥ s.
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
Theorems 2.13 and 2.14 of Nakayama are crucial for the proof of Theorem 1.1.
Theorem 2.13 (cf. [Nak08, Theorem 1.1]). Let X be a normal projective surface. Then X
admits a non-isomorphic quasi-e´tale surjective endomorphism f if and only if there exists
a quasi-e´tale finite Galois covering ν : V → X satisfying one of the following conditions.
(1) V is an abelian surface.
(2) V ∼= E × T for an elliptic curve E and a curve T of genus at least two.
(3) V ∼= P1 × E for an elliptic curve E.
(4) V is a P1-bundle over an elliptic curve associated with an indecomposable locally
free sheaf of rank two and degree zero.
Moreover, f ℓ lifts to V for some positive integer ℓ.
Theorem 2.14 (cf. [Nak08, Theorem 7.1.1]). Let X be a normal projective surface ad-
mitting a non-isomorphic surjective endomorphism f . Assume that KX + S ∼Q 0 for an
f−1-stable reduced divisor S. Then f is quasi-e´tale outside S, and there exists a quasi-
e´tale finite Galois covering ν : V → X such that ν ◦ fV = f
ℓ ◦ ν for a non-isomorphic
surjective endomorphism fV of V and a positive integer ℓ, and that V and ν satisfy exactly
one of the following conditions.
(1) V is an abelian surface and S = 0.
(2) V is a P1-bundle over an elliptic curve such that ν∗S is a disjoint union of two
cross-sections.
(3) V is a projective cone over an elliptic curve and ν∗S is a cross-section.
(4) V is a toric surface and ν∗S is the boundary divisor.
We need the following results of [Xie19] in proving Theorem 1.8.
Proposition 2.15 (cf. [Xie19, Proposition 3.21]). Let X be an (irreducible) variety over k,
and f : X 99K X a dominant rational map. Then the following statements are equivalent.
(i) (X, f) satisfies AZD-property (resp. SAZD-property).
(ii) There exists an m ≥ 1, such that (X, fm) satisfies AZD-property (resp. SAZD-
property).
(iii) There exists a pair (Y, g) which is birational to the pair (X, f), and (Y, g) satisfies
AZD-property (resp. SAZD-property).
Lemma 2.16 (cf. [Xie19, Lemma 3.22]). Let X and X ′ be (irreducible) varieties over k,
f : X 99K X and f ′ : X ′ 99K X ′ dominant rational maps. Let π : X ′ 99K X be a generically
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finite dominant rational map such that π◦f ′ = f ◦π. Then (X ′, f ′) satisfies AZD-property
(resp. SAZD-property) if and only if (X, f) satisfies AZD-property (resp. SAZD-property).
Proposition 2.17 (cf. [Xie19, Proposition 3.24]). Let X be an (irreducible) variety over k,
and f : X 99K X a dominant rational map. Suppose the pair (X, f) does not satisfy SAZD-
property. Then there exists some m ≥ 1 such that there are infinitely many irreducible
curves C on X satisfying fm(C) ⊆ C.
As a consequence of the above, we have the following.
Corollary 2.18. (cf. [Xie19, Corollary 3.25]) Let X be an (irreducible) projective surface
over k, and f : X 99K X a birational map. Then the pair (X, f) satisfies AZD-property.
3. Proof of Theorem 1.1 and Corollary 1.2
In this section, we prove Theorem 3.1 for the case of non-pseudo effective canonical
divisor KX . Theorem 1.1 will follow from it and Theorem 2.14 for the case with KX
pseudo-effective.
Theorem 3.1. Let f : X → X be a non-isomorphic surjective endomorphism of a normal
projective surface with KX not being pseudo-effective. Then X has only lc singularities.
Replacing f by an iteration we may run an f -equivariant minimal model program
X X1 · · · Xj · · · Xr Y
X X1 · · · Xj · · · Xr Y
f
pi1
f1
pi1
pij−1
pij−1
pij
fj
pij
pir−1
pir−1
pi
fr
pi
g
contracting KXj -negative extremal rays, with Xj → Xj+1 (j < r) being divisorial and
Xr → Y being Fano contraction (hence every fibre of π is irreducible). If dimY = 1, then
Xr has Picard number ρ(Xr) = 2 and all Xj (1 ≤ j ≤ r) have only rational singularities
(hence are Q-factorial). Moreover, exactly one of the following cases occurs.
(1) Y is a smooth projective curve of genus g(Y ) ≥ 2, and g is an automorphism of
finite order (hence no fj is polarized by Lemma 2.3, and r = 1 by Theorem 3.3).
(2) Y is an elliptic curve. If π has a nonreduced fibre, then g is an automorphism of
finite order; otherwise π : Xr → Y is a P
1-bundle.
(3) Y ∼= P1, and f is not polarized (hence r = 1 by Theorem 3.3, so X does not
contain negative curves by Lemma 3.6, and Nef(X) = NE(X) by Proposition 2.8).
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(a) Either δf > δg; or δf = δg, with −KX ample or Rf 6= 0. There exist a
finite surjective morphism τ : X → Y × P1 and a surjective endomorphism
h : P1 → P1 such that (g × h) ◦ τ = τ ◦ f .
(b) δf = δg, −KX is nef but not ample, and Rf = 0. There is an f -equivariant
quasi-e´tale finite Galois cover ν : V → X as in Theorem 2.13(3) or (4).
(4) Y ∼= P1, and fr is polarized (hence for all 1 ≤ j ≤ r, δfj = δfr = δg, the fj is
polarized by Lemma 2.3, and the Xj has only klt singularities by Lemma 2.7).
If Xr does not contain negative curves, then Xr satisfies Proposition 3.8 and
hence 3.8(1) or 3.8(3) occurs.
Suppose that Xr contains a negative curve C. Then NE(Xr) = 〈[C], [F ]〉 with
F a general fibre of π; f ∗rC = δfC, so Rfr ≥ (δf − 1)C; also κ(Xr,−KXr) = 2;
further, one of the following is true.
(c) Either −KXr is ample, or C intersects Rfr − (δf − 1)C. Then Xr is of
Fano type; the contraction σ : Xr → X of C gives a klt Fano surface X with
ρ(X) = 1. Moreover, fr descends to an endomorphism f¯ on X.
(d) −KXr is not ample, and C does not meet Rfr − (δf −1)C. Then C is a cross-
section of π; every irreducible component of Rfr dominates Y ; there exists an
equivariant commutative diagram
f˜

X˜
π˜

µX
// X 	 f
π

gE

E
µY
// Y 	 g
where E is an elliptic curve, and X˜ the normalization of (the main component
of) X ×Y E, π˜ is a P
1-bundle; f˜ and gE are finite surjective endomorphisms;
µX is quasi-e´tale, µY is finite surjective; π is the composition X → · · · → Y .
(5) Y = pt, −KXr is ample, ρ(Xr) = 1, and fr and hence all fj (1 ≤ j ≤ r) are
polarized (cf. Lemma 2.3). Either Xr is a projective cone over an elliptic curve,
or a rational surface with only rational singularities.
Remark 3.2. The Xr has at most one negative curve when dimY = 1: if C is a negative
curve, then the class [C] and fibre class are the only two extremal rays in NE(Xr).
We need the following for the proof of Theorem 3.1.
Theorem 3.3 (cf. [MZ19, Theorem 5.4]). Let f be a non-isomorphic surjective endomor-
phism of a normal projective surface with KX not being pseudo-effective. Then X has
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only lc singularities. Replacing f by an iteration, we may run an f -equivariant MMP
X = X1 → · · · → Xj → · · · → Xr → Y,
contracting KXj -negative extremal rays, with Xj → Xj+1 (j < r) being divisorial and
Xr → Y Fano contraction, such that one of the following cases occurs (with fj = f |Xj ).
(1) dimY = 0, so ρ(Xr) = 1, also fr and hence all fj (1 ≤ j ≤ r) are polarized.
(2) dimY = 1, fr and hence all fj (1 ≤ j ≤ r) are polarized; ρ(Xr) = 2 and δf = δf |Y .
(3) dimY = 1 and fr is not polarized. Further r = 1, ρ(X) = 2 and one of the
following cases occurs.
(a) δf = δf |Y .
(b) δf > δf |Y ; there exist a finite surjective morphism τ : X → Y × P
1 and a
surjective endomorphism h : P1 → P1 such that (f |Y × h) ◦ τ = τ ◦ f .
Remark 3.4. Let f : X → X be a surjective endomorphism of a normal projective variety,
and π : X → Y an f -equivariant fibration, with connected fibres, to a smooth projective
curve. Let F be a general fibre of π. Then f ∗F ≡ deg(f |Y )F = (δf |Y )F . In particular,
one of the eigenvalues of f ∗|N1(X) is a positive integer.
We will apply the Lemma 3.5 - Proposition 3.8 below to X = Xr in Theorem 3.1.
Lemma 3.5. Let f : X → X be a non-isomorphic surjective endomorphism of a normal
projective surface. Let π : X → Y be a Fano contraction such that f descends to an
endomorphism g on Y . Assume either dimY = 0; or dim Y = 1 and deg g > 1. Then
−KX is pseudo-effective but not numerically trivial.
Proof. First, by Lemma 2.6, X has only lc singularities andKX is Q-Cartier. If dimY = 0,
then the Picard number ρ(X) = 1; hence −KX is ample, since KX is not pseudo-effective.
Suppose dimY = 1. Then ρ(X) = ρ(Y )+1 = 2. Write NE(X) = 〈[C], [F ]〉, where F is
a general fibre of π, and [C] another extremal divisor class. Since KX ·F = deg(KX |F ) =
degKF = −2, we may assume −KX ≡ C + bF with C · F = 2. Suppose to the contrary
that b = −b1 < 0. Write f
∗C ≡ δC in NE(X). By the ramification divisor formula (2.1),
Rf = KX − f
∗KX ≡ (δ − 1)C − b1(δg − 1)F,
(δ − 1)C ≡ Rf + b1(δg − 1)F. (3.1)
Since Rf is effective, [F ] and [C] are extremal divisor classes, the equality (3.1) implies
1 = δg = deg g, δ = 1 and Rf = 0. This contradicts our assumption that deg g > 1. 
SURJECTIVE ENDOMORPHISMS 15
Lemma 3.6. Let f : X → X be a non-isomorphic surjective endomorphism of a normal
projective surface, and π : X → Y an f -equivariant Fano contraction with dimY = 1. Let
C be a negative curve on X. Then we have:
(a) f is polarized.
(b) If further, Y ∼= P1, then κ(X,−KX) = 0, 2.
Proof. By assumption, NE(X) = 〈[C], [F ]〉 where F is a general fibre of π. Note that
f ∗C ≡ δC for some δ > 0 and hence f ∗C = δC, since C2 < 0. Then
(deg f)C · F = f ∗C · f ∗F = (δ δf |Y )C · F,
(deg f)C2 = (f ∗C)2 = δ2C2
implies δ = δf |Y (= deg f |Y ) and f is δ-polarized.
Now suppose Y ∼= P1. Then q(X) = 0. Hence, by Lemma 3.5 and its proof, −KX is
numerically and hence Q-linearly equivalent to some effective divisor. Thus κ(X,−KX) ≥
0. If −KX is not big, then its class lies in the boundary of NE(X). Since −KX · F = 2,
−KX ∼Q aC for some a > 0. Accordingly, κ(X,−KX) = κ(X,C) = 0. 
Next, we consider the case when X has no negative curve.
Lemma 3.7. Let f : X → X be a non-isomorphic surjective endomorphism of a normal
projective surface. Suppose that π : X → P1 is an f -equivariant Fano contraction such that
δf = δf |P1 (hence X is a rational surface, and has only klt singularities; cf. Lemma 2.7).
Write Nef(X) = 〈[D], [F ]〉 with F a general fibre of π, and let f ∗D ∼Q λD. Then:
(a) λ is a positive integer.
(b) κ(X,−KX) ≥ 0.
(c) If D2 > 0 then f is polarized and X has at least one negative curve.
(d) Assume that D is a Q-divisor, D2 = 0 and κ(X,D) > 0. Then D is a semi-ample
Q-Cartier divisor and κ(X,D) = 1.
Proof. By Lemma 2.7, X is Q-factorial. Since f ∗F ∼Q δf |P1F = δfF , 0 < (deg f)D · F =
f ∗D · f ∗F = (λ δf)D · F , so λ ∈ Q>0 is an algebraic integer and hence an integer.
For (b), by the proof of Lemma 3.5 and since q(X) = 0, −KX is numerically and hence
Q-linearly equivalent to C + bF ≥ 0 for some b ≥ 0. Hence κ(X,−KX) ≥ 0.
For (c), if D2 > 0, then (λ δf)D
2 = (deg f)D2 = (f ∗D)2 = λ2D2 implies λ = δf and f is
polarized. Assume X has no negative curve. Then Nef(X) = NE(X) by Proposition 2.8.
Thus R≥0[D] is extremal in Nef(X) = NE(X) and D
2 = 0, a contradiction.
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For (d), we have κ(X,D) = 1 since D2 = 0. We may assume h0(X,D) ≥ 2, and write
|D| = |M | + FD as the moving part and fixed part. Pick two general D1, D2 ∈ |M |, so
D1 and D2 have no common components. Since D and M are nef, 0 = D
2 ≥ D ·M ≥
M2 = D1 ·D2 ≥ 0. Thus M ·FD = 0 and D1 ·D2 = 0, hence the Di are semi-ample. Now
0 = D2 = (M+FD)
2 implies F 2D = 0 (= M
2 =M ·FD). Hodge index theorem implies that
FD is numerically and hence Q-linearly equivalent to a multiple of movable M . Replacing
D by a multiple, we may assume FD = 0 and hence D = M is semi-ample. 
Proposition 3.8. With the same assumptions as in Lemma 3.7, assume X has no nega-
tive curve. Then Nef(X) = NE(X) = 〈[D], [F ]〉. Also, one of the following cases occurs.
(1) There exist a finite surjective morphism τ : X → P1 × P1 and a surjective endo-
morphism h : P1 → P1 such that (f |P1 × h) ◦ τ = τ ◦ f .
(2) f is quasi-e´tale, but non-polarized. There is an f ℓ-equivariant quasi-e´tale finite
Galois cover ν : V → X for an integer ℓ > 0 as in Theorem 2.13(3) or (4).
(3) f is polarized. The (nef non-big) divisor D can be chosen to be irreducible, reduced
and f−1-stable such that KX+D ∼Q 0. There is an f
ℓ-equivariant quasi-e´tale finite
Galois cover ν : V → X for an integer ℓ > 0 as in Theorem 2.14(2).
Proof. By Lemma 3.7, D2 = 0, so D is nef and non-big. By Proposition 2.8, NE(X) =
Nef(X) = 〈[D], [F ]〉. In particular, [D] generates an extremal ray in NE(X). Then, by
Lemma 3.5 or 3.7, −KX ∈ NE(X) = Nef(X) is a nef divisor. Note that −KX · F = 2.
Case A. −KX ·D > 0, i.e., −KX is ample. By the cone theorem (cf. [KM98, Theorem
3.7]),D may be chosen to be a rational curve. Since (aD−KX)·D > 0 and (aD−KX)·F >
0 for a > 0, Kleiman’s ampleness criterion (cf. [KM98, Theorem 1.18]) implies that aD−
KX is ample. Hence D is semi-ample by the basepoint-free theorem (cf. [KM98, Theorem
3.3]), so it gives a fibration φ : X → Z with connected fibres and normal Z. We have
dimZ = 1, since D is not big. Notice that F ·D > 0, F dominates Z and hence Z ∼= P1.
Let C be an irreducible curve on X . Then C is in a fibre of φ if and only if C ·D = 0.
Using the projection formula we obtain f∗C ·D = C · f
∗D = λ(C ·D). Consequently, C
is in a fibre if and only if so is f(C). Since the fibration φ has connected fibres, there
exists a surjective endomorphism h : Z → Z such that h ◦ φ = φ ◦ f by the rigidity
lemma (cf. [Deb01, Lemma 1.15]). The two distinct fibrations π and φ induce a surjective
morphism τ : X → P1 × Z = P1 × P1 such that (f |P1 × h) ◦ τ = τ ◦ f . It is finite because
ρ(X) = 2 = ρ(P1 × P1). Then Case (1) occurs.
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Case B. −KX ·D = 0, i.e., −KX is nef but not ample. Since D is also nef, Hodge index
theorem implies (the class of) −KX ∈ R≥0[D]. Hence f
∗KX ∼Q λKX , because q(X) = 0.
If Rf = 0 (which is impossible when f is polarized, for otherwise KX = f
∗KX ≡ 0 but
−KX · F = 2), then Case (2) occurs by Theorem 2.13. Indeed, only Theorem 2.13(3) -
(4) occur since −KX is nef and not numerically trivial.
Assume 0 6= Rf (= KX − f
∗KX ∈ R≥0[D]) and write Rf =
∑
aiDi where ai ∈ Z>0 and
Di are irreducible components, automatically with [Di] ∈ R≥0[D]. If Rf is reducible, then
q(X) = 0 implies D1 ∼Q tD2 for some rational number t > 0; or if D1 is not f
−1-stable,
then f ∗D1 ∼Q λD1. In either case, D1 is Q-Cartier, D
2
1 = 0 and κ(X,D1) > 0. Hence by
Lemma 3.7 we may retake D := D1 and assume it is a semi-ample Q-Cartier divisor and
κ(X,D) = 1. Using the semi-ample divisor D, Case (1) occurs as argued in Case A.
Now we may retake D := D1 (hence D is a Q-divisor) and assume SuppRf = D is
irreducible (and reduced) and f−1-stable.
Case B-1. f is not polarized. If λ = 1 we reach a contradiction: 0 ≤ Rf = (KX −
f ∗KX) ∼Q 0 and hence Rf = 0. Thus 1 < λ < δf . By [MZ19, Proof of Step 5 in Theorem
5.2] we obtain κ(X,D) > 0. Arguing as above then Case (1) occurs.
Case B-2. f is polarized. We shall show that Case (3) occurs. Now the log ramification
divisor formula (2.2) becomes KX +D = f
∗(KX +D). So the eigenvector (of f
∗) KX +
D ∼Q 0 since f is polarized and q(X) = 0. Applying Theorem 2.14, only Cases 2.14(2) - (4)
may occur in our situation. Note thatX has klt singularities by Lemma 2.7, so does V and
hence Case 2.14(3) cannot occur. For Case 2.14(4), ν∗D would be the boundary divisor of
a toric surface, so a big divisor. But this violates the fact that κ(V, ν∗D) = κ(X,D) < 2.
So only Case 2.14(2), i.e., Case (3) occurs. 
Now we can prove the main result of this section.
Proof of Theorem 3.1. The assertions in the first paragraph follow from Lemma 2.6, The-
orem 3.3 and Proposition 2.8.
We now apply Theorem 3.3. If Case 3.3(1) occurs, i.e., if dimY = 0 then 3.1(5) occurs.
Indeed, the last assertion there is proved in [BG17, p. 578]. If dimY = 1 with g(Y ) ≥ 1,
then q(Xr) = g(Y ) ≥ 1 and 3.1(1) - 3.1(2) occur by Proposition 2.10.
Suppose that 3.3(3) occurs with Y ∼= P1. Then f is not polarized and r = 1. Lemma 3.6
implies X does not contain negative curves. By Proposition 3.8 and its proof, Case 3.3(3a)
leads to 3.1(3): if −KX is ample or Rf 6= 0 then 3.1(3a) occurs; if −KX is not ample and
Rf = 0 then 3.1(3b) occurs. Clearly, Case 3.3(3b) implies 3.1(3a).
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Now suppose that 3.3(2) occurs with Y ∼= P1. Thus fr is polarized, and Xr has only
klt singularities by Lemma 2.7. The second paragraph of 3.1(4) follows from Case 3.3(2)
and Proposition 3.8 when Xr has no negative curve.
We still have to consider Case 3.3(2) with the extra conditions that Y ∼= P1, Xr has
only klt singularities and contains a negative curve C. By Lemma 3.6, fr is δf -polarized
(cf. Lemma 2.3) and κ(Xr,−KXr) = 0, 2. Let F be a general fibre of π : Xr → Y . Since
both [C] and [F ] are extremal classes of NE(Xr) and ρ(Xr) = 2, NE(Xr) = 〈[C], [F ]〉.
Note that −KXr · F = 2, f
∗
rC = δfC. The log ramification divisor formula (2.2) for fr is
KXr + C = f
∗
r (KXr + C) +R
′
fr
(3.2)
with Rfr = (δf − 1)C +R
′
fr
.
Consider the case κ(Xr,−KXr) = 0. We will reach a contradiction. By the proof of
Lemma 3.6, this happens if and only if −KXr ∼Q aC for some a > 0. Then (3.2) gives
R′fr ∼Q (a− 1)(δf − 1)C. (3.3)
Since R′fr is effective and has no common component with C, (3.3) gives a = 1 and R
′
fr
= 0.
The eigenvector (of f ∗r ) KXr +C ∼Q 0 since fr is polarized and q(Xr) = 0. Now we apply
Theorem 2.14. Only Case 2.14(2) may occur in our situation (cf. Proof of Case B-2 in
Proposition 3.8). But for Case 2.14(2) we have 0 = K2V = (deg ν)K
2
Xr
= (deg ν)(−C)2 < 0,
a contradiction. So the case κ(Xr,−KXr) = 0 will not occur.
Thus we may assume κ(Xr,−KXr) = 2. If −KXr is ample, i.e., −KXr ·C > 0, then Xr
is a klt Fano surface. The KXr -negative extremal contraction σ : Xr → X of C gives a
klt Fano surface X with ρ(X) = 1 (cf. [KM98, Corollary 3.43(1)]). Note that fr descends
to an endomorphism f¯ : X → X since f−1 fixes C as a set. Thus Case 3.1(4c) occurs.
Next, we may also assume that −KXr is not ample, i.e., −KXr · C ≤ 0. Let −KXr =
P+aC be the Zariski decomposition with P nef and big. We claim that P ·C = 0. Indeed,
if a > 0, then the ‘negative part’ C has P ·C = 0; if a = 0, then 0 ≤ P ·C = −KXr ·C ≤ 0,
and hence P · C = 0.
Let σ : Xr → X be the contraction of the negative curve C to a point x in the normal
Moishezon surface X . Then fr descends to f¯ : X → X with f¯
−1(x¯) = x¯. By Lemma 2.6,
X has only lc singularities and KX is Q-Cartier. We have P = σ
∗(−KX) since both sides
are perpendicular to (and the same modulo) the negative curve C. Hence σ∗KX = −P =
KXr + aC.
Suppose that C intersects R′fr . We shall show that Case 3.1(4c) occurs. Indeed, then
x ∈ SuppRf¯ and hence (X, x) and also X have only klt singularities by Lemma 2.6,
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so X is Q-factorial. For a Moishezon surface, being Q-factorial implies the projectivity.
Then −KX is ample, and X is a klt Fano surface with ρ(X) = 1. Since X has only klt
singularities, σ∗KX = KXr + aC implies that the pair (Xr, aC) is klt. For b ∈ Q>0 with
0 < b− a≪ 1, the pair (Xr, bC) is still klt (cf. [KM98, Corollary 2.35(2)]); the divisor
−(KXr + bC) = −(KXr + aC)− (b− a)C = P − (b− a)C
has positive intersections with the two generators [C] and [F ] of NE(Xr) and hence is
ample. Thus Xr is of Fano type. So Case 3.1(4c) occurs.
Suppose now that C does not intersect R′fr even if raise fr to some power. We shall show
that Case 3.1(4d) occurs. Note that R′fr 6= 0, otherwise by (3.2) the eigenvector (of the
polarized f ∗r ) KXr + C ∼Q 0, reaching a contradiction: 2 = κ(Xr,−KXr) = κ(Xr, C) = 0.
Note that F is nef but not numerically trivial, so C ·F > 0. It follows that C dominates
Y , i.e., π(C) = Y . Since R′fr is disjoint with C by assumption and every fibre of Xr →
Y is irreducible by Proposition 2.8, every irreducible component of R′fr (and hence of
Rfr) is horizontal and hence dominates Y . Then Case 3.1(4d) is true for (Xr, fr) by
[MY19, Theorem 4.4] and also for (X, f) by [MY19, Lemma 4.12]. In fact, it follows from
Proposition 2.10 that π˜ is a P1-bundle, since f is polarized and hence gE cannot be an
automorphism. The equality
−2 + F · C = F · (KXr + C) = F · (f
∗
r (KXr + C) +R
′
fr
)
= δf (−2 + F · C) + F · R
′
fr
,
and F · R′fr > 0 imply that C is a cross-section of π. 
Lemma 3.9. Let X be a normal projective surface with lc singularities. Let ϕ : X → X ′
be a composition of extremal contractions. Suppose that either X ′ is a rational surface
and H i(X ′,OX′) = 0 for i = 1, 2; or X
′ ∼= P1. Then X is a rational surface whose
singularities are rational.
Proof. The first assertion is clear. For the second, we prove by induction on the number of
contractions in ϕ. We may assume ϕ itself is the contraction of aKX-negative extremal ray.
Then −KX is ϕ-ample. By the relative Kodaira vanishing theorem (cf. [Fuj11, Theorem
8.1]), Riϕ∗OX = 0 for every i > 0. Then the Leray spectral sequence
Ep,q2 = H
p(X,Rqϕ∗OX)⇒ H
p+q(X ′,OX′)
degenerates and H i(X,OX) = H
i(X ′,OX′) = 0 for i = 1, 2 in both cases. Since X is a
rational surface, it has rational singularities by [BG17, Lemma 2.7]. 
20 JIA JIA, JUNYI XIE, AND DE-QI ZHANG
Proof of Theorem 1.1. By Lemma 2.6,X has lc singularities andKX isQ-Cartier. IfKX is
pseudo-effective, then Lemma 2.12 implies that f is quasi-e´tale. Applying Theorem 2.13,
only Cases 2.13(1) - (2) are possible since KX is pseudo-effective and ν is quasi-e´tale.
Therefore Case 1.1(1) holds. If KX is not pseudo-effective, then we can apply Theorem 3.1.
We have the correspondence below.
1.1(1) 2.13, 3.1(3b)
1.1(2) 3.1(1) - 3.1(2), 2.10
1.1(3) 3.1(2), 2.10
1.1(4) 3.1(3a), 3.1(4) (with 3.8(1))
1.1(5) 3.1(4) (with 3.8(3))
1.1(6) 3.1(4d)
1.1(7) 3.1(4c)
1.1(8) 3.1(5), 2.11
1.1(9) 3.1(5)
Set fr := f |Xr . We first show Case 3.1(4) (with 3.8(3)) implies Case 1.1(5). By
Proposition 3.8(3), Xr is a rational surface, fr is polarized; there is an f
−1
r -stable reduced
divisor D 6= 0 on Xr such that fr is quasi-e´tale outside D. Let π : X → · · · → Xr be
the composition of the divisorial contractions, D′ := π−1∗ (D) the proper transform of D
and Exc(π) the exceptional divisor of π. Set S := D′ + Exc(π). Then S is reduced and
f−1-stable since π is f -equivariant. Since the divisor D on Xr is not big and π∗(S) = D,
the divisor S is also non-big on X . By the definition of S, f is quasi-e´tale outside S. Thus
KX + S = f
∗(KX + S), by the log ramification divisor formula (2.2). Since f is polarized
(cf. Lemma 2.3) and q(X) = 0, the eigenvector (of f ∗) KX + S ∼Q 0. Note that X has
only klt singularities by Lemma 2.7. Now we can apply Theorem 2.14 to say Case 1.1(5)
occurs (cf. Proof of Case B-2 in Proposition 3.8).
It remains to prove the last assertions of Cases 1.1(7) and 1.1(9), respectively. Lemma 2.7
implies that Xj has only klt singularities for 1 ≤ j ≤ r in Case 1.1(7). In Case 1.1(9),
we have H i(Xr,OXr) = 0 for i = 1, 2 by [Fuj11, Theorem 8.1]. These Xj ’s in Case 1.1(9)
have only rational singularities by Lemma 3.9. 
Proof of Corollary 1.2. We apply Theorem 1.1. Case 1.1(1) implies either Case 1.2(2)
occurs; or V = E×T for an elliptic curve E and a curve T of genus g(T ) ≥ 2 and then V
has an (f |V )
m-invariant non-constant rational function for some m ≥ 1, hence X has an
f -invariant non-constant rational function by [Xie19, Lemma 2.1], and thus Case 1.2(1)
occurs. Case 1.1(2) leads to Case 1.2(1). Cases 1.1(3), 1.1(5) - 1.1(6) and 1.1(8) satisfy
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Case 1.2(2). Case 1.1(4) implies Case 1.2(3) (replacing f by f 2). Cases 1.1(7) and 1.1(9)
satisfy the conditions 1.2(4a) - 1.2(4c) (cf. Lemma 2.3) and thus Case 1.2(4). 
4. Amplified endomorphisms: Proof of Theorem 1.8
In this section we assume that the transcendence degree of k over Q is finite. We will
prove Theorem 1.8. Till Proposition 4.5, we fix an (irreducible) projective surface X over
k, and a surjective endomorphism f : X → X .
Definition 4.1. Let o ∈ X(k) be a smooth fixed point of f , and λ1, λ2 the eigenvalues
of the tangent map dfo := df |o : TX,o → TX,o. The smooth point o ∈ X(k) is said to be a
good fixed point of f , if dfo is invertible and one of the following conditions holds:
(1) λ1 and λ2 are multiplicatively independent;
(2) There exist a prime p and an embedding τ : k →֒ Cp such that
|τ(λ1) + τ(λ2)| ≤ 1 and |τ(λ1)||τ(λ2)| < 1
where | · | is the p-adic norm on Cp.
Remark 4.2. Note that Condition (2) just means that both |τ(λ1)| and |τ(λ2)| are at
most one and |τ(λi)| < 1 for i = 1 or 2.
Definition 4.3. We say that f has R-property if there exist a smooth fixed point o of f
and an embedding σ : k →֒ C such that both |σ(λ1)| and |σ(λ2)| are strictly greater than
1, where λ1, λ2 are the eigenvalues of the tangent map dfo : TX,o → TX,o.
From now on till Proposition 4.5, we assume that f : X → X is an amplified endomor-
phism, i.e., f ∗L⊗ L−1 is an ample line bundle for some line bundle L on X.
We will show the existence of a good fixed point of f . Let R be a finitely generated Q
sub-algebra of k, such that k is the algebraic closure of FracR, and X, f, L are defined over
FracR. There is a variety XFracR over FracR and an endomorphism fFracR : XFracR →
XFracR, such that X = XFracR ×Spec FracR Speck and f = fFracR ×Spec FracR id.
After shrinking W := SpecR, we may assume that W is smooth, there exists a pro-
jective R-scheme π : XR → W whose generic fibre is XFracR, fFracR extends to a finite
endomorphism fR on XR and there exists a line bundle LR on XR such that f
∗
RLR ⊗L
−1
R
is π-ample. For every point t ∈ W (Q), denote by Xt the special fibre XR ×W SpecQ of
XR over t. Let Lt, ft be the restrictions of LR, fR on Xt. View XR as a variety over Q and
let XregR be the smooth locus of XR. After shrinking W , we assume that Xt is irreducible
for every t ∈ W (Q) and Xt ∩X
reg
R 6= ∅.
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Lemma 4.4. Assume that there exists some t ∈ W (Q) such that ft has a good fixed point
in Xt ∩X
reg
R . Then f has a good fixed point in X.
Proof. This lemma is shown by the proof of [Xie19, Lemma 6.6]. 
Proposition 4.5. Let o be a smooth fixed point of f : X → X such that dfo is invertible.
Let C be an irreducible curve in X passing through o such that f(C) = C, and every
branch of C at o is invariant under f . Denote by πC : C → C the normalization of C and
f |C : C → C the endomorphism induced by f |C. Let q ∈ π
−1
C (o) and set µ := d(f |C)|q.
Assume that there exists an embedding α : k →֒ C such that 0 < |α(µ)| < 1. Then there
exists some n ≥ 1 such that fn has a good fixed point in X.
Proof. This proof is a small modification of the proof of [Xie19, Lemma 6.7].
After enlarging R, we may assume o, C, q are defined over FracR and µ ∈ R. After
shrinking W , we may assume there is an irreducible subscheme CR of XR whose generic
fibre is C and a section oR ∈ XR(R) of π : XR → W whose generic fibre is o. For every
point t ∈ W (Q), denote by Ct and ot the specializations of CR and oR. Because o ∈ X
reg
R ,
after shrinkingW , we may assume that ot ∈ X
reg
R and Ct is irreducible for every t ∈ W (Q).
There is a projective morphism πCR : CR → CR over R whose generic fibre is πC and a
R-point qR ∈ CR(R), whose generic fibre is q. After shrinking W , we may assume that
for all t ∈ W (Q), the specialization πCt : Ct → Ct of πCR is the normalization of Ct.
The embedding α : R ⊆ k →֒ C defines a point η ∈ W (C). We view µ as a function on
W (C). We have |µ(η)| = |α(µ)| ∈ (0, 1). There exists an Euclidean open neighborhood
U of η, such that |µ(·)| ∈ (0, 1) on U . Pick t ∈ U ∩W (Q), we have 0 < |µ(t)| < 1. By
Lemma 4.4, we only need to prove that there exists some n ≥ 1 such that fnt has a good
fixed point in Xt. Thus we have reduced to the case k = Q.
Now we may assume that k = Q, the surface X and the map f are defined over a number
field K, and there exist a variety XK over K and an endomorphism fK : XK → XK , such
that X = XK ×SpecK Speck and f = fK ×SpecK id.
Let OK be the ring of integers of K. There exists a projective OK-scheme XOK which
is flat over SpecOK whose generic fibre is XK . Denote by πOK : XOK → SpecOK the
structure morphism. The endomorphism fK on the generic fibre extends to a rational
self-map fOK on XOK . Denote by oOK the Zariski closure of o in XOK . Since o is defined
over K, oOK is generically a section of πOK .
Denote by πOKZ : SpecOK → SpecZ the morphism induced by the inclusion Z →֒ OK .
Let XZ be the Z-scheme which is the same as XOK as an absolute scheme with the
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structure morphism πZ := π
OK
Z ◦ πOK : XOK → SpecZ. Then XZ is a projective Z-scheme.
Denote by fZ : XZ 99K XZ the rational self-map induced by fOK .
Since fZ is regular on the generic fibre, there exists a finite set B(f,Z) of primes
such that fZ is regular on π
−1
Z (SpecZ \ B). Set B(f, OK) := (π
OK
Z )
−1(B(f,Z)). Set
W := SpecOK \ B(f, OK), XW := π
−1
OK
(SpecOK \ B(f, OK)). Then fOK is regular on
XW . Set oW := oOK ∩ XW . Set πW : XW → W the restriction of πOK on XW . After
enlarging B(f,Z), we may assume that oW is a section of πOK . For every t ∈ W , denote
by Xt, ft and ot the specializations of XW , fW and oW at t. After enlarging B(f,Z), Xt
is irreducible for every t ∈ W . Then for every point x ∈ Xreg(Q), if fm(x) = x for some
m ≥ 1 and β1, β2 are the eigenvalues of the tangent map d(f
m)|x, then for every prime
p 6∈ B(f,Z), and every embedding τ : Q →֒ Cp, we have |τ(β1)|, |τ(β2)| ≤ 1.
By [Xie19, Lemma 5.2], deg(f |C) ≥ 2. Then C is either P
1 or an elliptic curve. Since
on a complex elliptic curve, an endomorphism of degree at least 2 is everywhere repelling,
C could not be an elliptic curve. Then we have C ∼= P1. Since 0 < |α(µ)| < 1, by
[Mil99, Corollary 11.6], f |C is not post-critically finite.
Denote by J(f) the union of the critical locus of f and the singular locus of X . Since
o /∈ J(f) and o ∈ C, we have C 6⊂ J(f). Then C ∩ J(f) is finite. Let P (f, C) be the
union of the orbits of all periodic points in C ∩ J(f). Then P (f, C) is finite. Observe
that for every n ≥ 1, P (fn, C) = P (f, C). By [Xie19, Lemma 6.8], after replacing f by
a suitable positive iteration, there is a prime p /∈ B(f,Z), an embedding τ : Q →֒ Cp and
some x ∈ Fix(f |C) \ π
−1
C (P (f, C)) such that C is smooth at πC(x) and |τ(d(f |C)|x)| < 1.
Set x := πC(x). Since x /∈ P (f, C), X is smooth at x and df |x is invertible. Since d(f |C)|x
is an eigenvalue of df |x, x is a good fixed point of f . 
Lemma 4.6. Assume f is an amplified endomorphism which has R-property. Then either
(X, f) satisfies SAZD-property, or there is an n ≥ 1 such that fn has a good fixed point.
Proof. The proof is a small modification of [Xie19, Lemma 6.5]. Indeed, replacing [Xie19,
Lemma 6.7] by Proposition 4.5, the proof of [Xie19, Lemma 6.5] works. 
The following result is a singular version of [Xie19, Proposition 6.15].
Proposition 4.7. Let X be a projective surface over k, and f : X → X an amplified
endomorphism. Assume that f satisfies R-property. Then (X, f) satisfies SAZD-property.
Proof. By Lemma 4.6 and Proposition 2.15, we may assume that f has a good fixed point.
Then [Xie19, §6.3], whose proof still works in the singular case, shows that the pair (X, f)
satisfies SAZD-property. 
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Now we can confirm SAZD-property for int-amplified endomorphisms of surfaces.
Proposition 4.8. Let X be a projective surface over k. Let f : X → X be an amplified
endomorphism such that deg f > δf . Then the pair (X, f) satisfies SAZD-property.
In particular, if f is int-amplified or polarized, the pair (X, f) satisfies SAZD-property.
Proof. Pick any embedding σ : k →֒ C. View Xk(C) as a complex surface induced by σ.
Let π : X ′ → X be a projective desingularization of X . Set f ′ := π−1 ◦ f ◦ π : X ′ 99K X ′.
We have δf ′ = δf and deg f
′ = deg f . Let U be a Zariski open subset of X ′ such that π|U
is an isomorphism to its image. By [Gue05, Theorem 3.1, iv)] and since deg f > δf , there
is an m ≥ 1 and a repelling fixed point o of f ′m in U . Then π(o) is a smooth repelling
fixed point of fm. Thus fm has R-property. By Propositions 2.15 and 4.7, (X, fm) and
hence (X, f) satisfy SAZD-property. The final assertion follows from Remark 2.5. 
Proposition 4.9. Suppose that π : X → Y is a P1-bundle over a smooth projective curve
Y and a non-isomorphic surjective endomorphism f : X → X descends to an endomor-
phism g : Y → Y . Then (X, f) satisfies AZD-property.
Proof. This is proved in [Xie19, §7]. We sketch it here for the convenience of the reader.
Write NE(X) = 〈[F ], [E]〉, where F is a general fibre of π. Then f ∗F ≡ δgF . Write
f ∗E ≡ λE. Then δf = max{λ, δg}, and 1 < deg f = λδg. If both λ > 1 and δg > 1, then
f is int-amplified so (X, f) satisfies AZD-property by Proposition 4.8.
Thus we may assume λ = 1 or δg = 1. In particular, λ 6= δg. Then λ
2E2 = (f ∗E)2 =
(deg f)E2 = (λδg)E
2 implies that E2 = 0.
By Propositions 2.15 and 2.17 and replacing f by an iteration, we may assume that
there are infinitely many (irreducible) curves Ci with f(Ci) = Ci. For C = Ci, write
C = aF + bE. Then aλF + bδgE = f∗C (which is parallel to C) and λ 6= δg imply that
C = Ci is parallel to F or E.
Suppose that infinitely many Ci’s are parallel to F . Then Ci · F = 0 and hence Ci
equals Xyi , a fibre of π over yi ∈ Y . Now f(Ci) = Ci implies that g(yi) = yi. Then g has
infinitely many fixed points yi’s, so g = idY . Hence (X, f) satisfies AZD-property.
Thus we may assume all Ci’s are parallel to E. Since E
2 = 0, all Ci’s are disjoint.
Taking base changes by (the normalization of) Ci → Y consecutively and by Lemma
2.16, we may assume that Ci (i = 1, 2, 3) are cross-sections of π. Then there is a natural
isomorphism Y ×P1 → X mapping Y ×{0, 1,∞} to C1∪C2∪C3. Identifying X = Y ×P
1,
our f = g × h with h : P1 → P1 a morphism. Now the still disjointness of all Ci (i ≥ 2)
with C1 implies that Ci equals Xpi, a fibre of the projection X → P
1 over pi ∈ P
1. Also
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f(Ci) = Ci implies h(pi) = pi for infinitely many points pi’s. Hence h = idP1 . Thus (X, f)
satisfies AZD-property. 
Now we are ready to give the following:
Proof of Theorem 1.8. By Corollary 2.18 and Proposition 2.15, we may assume deg f ≥ 2
and X is a normal projective surface. By Corollary 1.2, Propositions 4.8 and 2.15, Lemma
2.16, we may assume either X is an abelian surface, or X is a P1-bundle and f descends to
the base. Then the theorem follows from [Xie19, Theorem 1.14] and Proposition 4.9. 
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